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Abstract

Device-independent certification of quantum devices is of crucial importance for the development
of secure quantum information protocols. So far, the most studied scenario corresponds to a
system consisting of different non-characterized devices that observers probe with classical inputs
to obtain classical outputs. The certification of relevant quantum properties follows from the
observation of correlations between these events that do not have a classical counterpart. In the
fully device-independent scenario no assumptions are made on the devices and therefore their
non-classicality follows from Bell non-locality. There exist other scenarios, known as
semi-device-independent, in which assumptions are made on the devices, such as their dimension,
and non-classicality is associated to the observation of other types of correlations with no classical
analogue. More recently, the use of trusted quantum inputs for certification has been introduced.
The goal of this work is to study the power of this formalism and describe self-testing protocols in
various settings using trusted quantum inputs. We also relate these different types of self-testing to
some of the most basic quantum information protocols, such as quantum teleportation. Finally,
we apply our findings to quantum networks and provide methods for estimating the quality of the
whole network, as well as of parts of it.

1. Introduction

Quantum entanglement is at the heart of many quantum information protocols [1], such as quantum state
teleportation [2], and utilised in quantum repeaters [3], which are fundamental for long-distance quantum
communication. Entanglement can also result in Bell nonlocality through the correlations between
measurements performed by distant parties, manifested as violations of Bell inequalities [4, 5]. Now this
form of nonlocality can be a resource for tasks such as quantum key distribution [6-8], certifiable
randomness expansion [9-11], delegated quantum computation [12], communication complexity [13] and
measurement-based quantum computation [14, 15].

Besides being an information theoretic resource on their own, Bell inequality violations have the
remarkable property of witnessing entanglement without the need to know the underlying physical system.
In other words, Bell nonlocality witnesses entanglement in the device-independent paradigm in which
devices are not characterized. But Bell inequality violations can certify more than the mere presence of
entanglement and, in fact, they are also useful in the context of quantum state certification. In quantum state
certification, a device claims to produce systems with particular quantum states, and the goal is to have a
task that certifies this claim. The certification task for the source depends very much on the assumptions
made in a scenario, such as whether measurement devices can be fully characterised and trusted
(device-dependent) or not characterised nor trusted at all (device-independent). When it comes to the
certification of a source of entangled particles in a completely device-independent manner, certification is
based on correlations violating Bell inequalities and is described as self-testing [16]. This question has
gained a lot of attention in recent years [17—21]. A notable trait of self-testing is the inability to recover the
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exact form of the state, and measurements: the best one can hope is to certify them up to operations which
leave the observed probability distributions invariant. Local isometries and complex conjugation are
examples of such operations.

On the other side, in the device-dependent scenario where measurement devices are perfectly
characterized, a lot is known, e.g. see [22—24] for recent progress in the efficient certification of quantum
states. In between these two extreme cases one has different relaxations of the device-independent scenario,
being sometimes coined as semi-device-independent. This term was originally introduced in [25] for the
case in which an upper bound on the dimension of the systems is assumed, but we use it here to describe
any scenario between the completely device-dependent and device-independent scenarios. For instance, if
one assumes a perfect knowledge about one of the two devices, entanglement can be witnessed through
correlations displaying Einstein—Podolsky—Rosen (EPR) steering [26, 27], which has led to the study of
one-sided device-independent quantum information processing [28, 29] and quantum certification based
on steering [30, 31]. Other works have also considered the problem of state certification by assuming a
bound on the dimension of the involved quantum systems [32, 33].

While all these different scenarios differ in the assumptions invoked for the certification, they are all
based on the statistics describing an input—output process consisting of classical inputs, labelling choices of
measurements or states, and outputs, associated to measurement results. Our work goes beyond this
framework and study certification protocols in which the inputs have a quantum nature. In this scenario,
each party could individually generate other characterised quantum systems in a trusted way. These
characterised quantum systems can then be used as quantum input into an uncharacterised device. This
type of certification naturally appears in the context of semi-quantum nonlocal games [34] but also in
quantum information protocols with no classical analogue such as teleportation [2]. It is also relevant in the
context of device-independent quantum certification, as the characterised quantum systems could
themselves have been certified separately in a device-independent manner, see for instance [35]. Our main
results consist of different new self-testing protocols using quantum inputs.

2. Frameworks for quantum state certification

In this section we identify four basic frameworks for quantum state certification in a bipartite setting,
corresponding to four forms of device-independence. Throughout this work, as a simplification, we will
assume that in every instance the device produces identical and independently distributed (i.i.d.) copies of
the same system. Additionally, in all bipartite scenarios the two parties will be referred to as Alice and Bob.

2.1. Device-dependent state certification

The first framework accounts for characterised and trusted measurement devices, which can be applied to
systems generated by an untrusted and uncharacterised preparation device. State certification can be
achieved by quantum state tomography [36]: informationally complete measurements [37] can be made on
the i.i.d. copies of the quantum system. The probabilities of obtaining different measurement outcomes are
used to determine the state. For example, if the source produces one-qubit states, an example of an
informationally complete set of measurements are those projective measurements associated to the three
Pauli operators {ox, oy, 0z }. The probability to obtain outcome a when measuring xth measurement on the
unknown state p is given by

P(ﬂ|x) = Tr(Ma|xQ) >

where M, denotes the measurement element corresponding to the outcome a. The aim of quantum state
tomography is to recover the state ¢ from a given set {p(a|x), Mg/ }ax-

An analogous procedure can be described to characterise an unknown quantum measurement using a
characterised set of quantum states. The set of quantum states is used as a probe and the probabilities of
obtaining different measurement outcomes are used to recover the form of the measurement. The set of
states sufficient for this process is called a tomographically complete set of states. For a qubit measurement,
a tomographically complete set of states are, for example, the eigenstates of the three Pauli operators.

Performing tomography is however not necessary for quantum state certification in the
device-dependent setting. For certification we merely wish to prove that a particular state is produced, and
thus we only need to establish whether it is that state, or not. A solution to this, for a pure state, is to have a
projective measurement with that state as one of its outcomes. For entangled states this might require
entangled measurements, but there are other approaches not requiring such complicated measurements
[22, 24].
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2.2. Self-testing

The device-independent scenario is that which completely lacks a characterisation of the devices. In this
case, Alice’s and Bob’s devices are treated as black boxes with classical inputs and classical outputs. The
corresponding certification task is named self-testing [16]. The aim is to recover the entangled state |1))
only from the probabilities of obtaining different outputs when certain inputs are chosen. Self-testing can
only hope to recover a state able to produce a nonlocal probability distribution (see [38]), which mean

s that it cannot be performed on single systems. The starting point in every self-testing procedure is the
correctness of the Born rule, which allows to calculate the correlation probabilities when unknown
measurements M|, and My, are performed on the shared state ¢':

p(ablxy) = Tr[ (Mo @ M) o]

Since all conclusions are drawn from the probabilities, one cannot differentiate between physical set-ups
(involving potentially different states and measurements) that give rise to the same probabilities. For
instance, self-testing cannot prove that g is exactly equal to |1)) but it may allow one to prove that the two
states are related by a suitable local isometry ® = ¢, ® Pp:

(0) = [V)Y| ® Qjunks

where gjunk represents the state of the uncorrelated degrees of freedom.

2.3. One-sided device-independent certification

As mentioned, between these two cases there are methods for certification, known as
semi-device-independent, based on assumptions on the devices but that do not require a full
characterization. Next we illustrate this approach through two well known examples.

A quantum state can be certified in an asymmetric scenario: one party has characterised measurements
while the other treats their devices as black boxes. This certification task is clearly between the
device-dependent and the device-independent settings and thus it has been introduced as one-sided
device-independent self-testing [30, 39]. Here it is possible to carry out tomography using trusted
measurement devices, but with only classical inputs and outputs for the black-box devices. The part of the
state belonging to the party with uncharacterised devices can be recovered only up to local isometries. Only
states which do not admit a local hidden state model, i.e. steerable ones, can be self-tested in this way
[28, 29].

2.4. Bounded dimension self-testing

Certification protocols can be based on an assumption of the dimension of the involved systems. An
advantage of this approach is that it can be applied to prepare-and-measure scenario [32, 33, 40]. Alice
prepares systems which are subsequently measured by Bob; the task is based on communication between
two parties thus making it different from the other settings certifying entangled states. The central
assumption made in such settings is that the system is associated with a Hilbert space of a fixed dimension,
but otherwise devices are not characterised. In [41] prepare-and-measure scenarios are used to certify
properties of quantum measurements by assuming the bound on the overlap between the states Alice can
prepare, instead of bounding the Hilbert state dimension.

3. Self-testing with quantum inputs

In all the previous approaches to self-testing, and independently of the assumptions on the devices, the
parties feed the devices with classical information, which can label a state preparation of measurement
choice, and observe an output, corresponding to a measurement result. In this work, we consider a
different framework in which parties can locally prepare some characterised quantum states, which are later
treated as inputs to their untrusted measurement devices. Measurement-device-independent (MDI)
protocols are examples of this approach, which is becoming increasingly popular in recent years. Firstly, it
has been proven that, in this scenario, all entangled states are capable of exhibiting measurement
correlations which cannot be simulated with separable states [34], see also [42—44]. The same approach has
been pursued in [45, 46] to clarify the role of entanglement in quantum teleportation protocols. The main
goal of this work is to construct self-testing protocols in this scenario (figure 1).

Before describing self-testing with quantum inputs let us point out what kind of conclusions we can
expect. Since, in this scenario, the measurement devices are not trusted along with the source of the
systems, they may be associated with Hilbert spaces of arbitrary dimension. Additionally, all of the
experimental observations are insensitive to a set of transformations; this is similar to the situation in
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Figure 1. Measurement-device-independent scenario: the parties share an unknown state p, emitted by the source S. The
uncharacterised measurement devices receive trusted quantum inputs 9, (¢/,). Each party applies a joint measurement on the
received quantum input and a share of the state p, resulting in the outcomes a and b.

standard self-testing protocols. So if the underlying experiment deviates from the claimed one in suitable
ways as not to alter the observed statistics, these deviations cannot be determined and define an equivalence
class of preparations. Any local change of basis to the states and measurements remains hidden, as well as
embedding of the state in some Hilbert space of higher or lower dimension. Consequently, the best we can
hope for is to find local isometries (one for Alice and one for Bob) relating the state we want to certify with
the state shared by Alice and Bob. Note that one consequence of self-testing is that one can give a lower
bound on the dimension of the untrusted systems. However, since arbitrary isometries leave the observed
statistics invariant and isometries can increase the dimension, we cannot say what the dimension of these
systems is exactly. Importantly, in this scenario, complex conjugation can be dropped from the set of
undetectable state transformations. The reason for this is the full characterisation of quantum inputs,
which can be chosen from a tomographically complete set of states. Thus we can distinguish the statistics
produced by [}, in general, from those produced by the state |¢)*). Similarly to the self-testing
nomenclature we call the ideal state reference state and the shared state physical state. For the sake of
simplicity, we restrict our study to protocols where in the ideal scenario parties always apply the Bell state
measurement (the projector onto the Bell states of the corresponding dimension). That is, in all
experiments with quantum inputs the reference measurement is the Bell state measurement, while the
actual measurement the parties apply is named physical measurement. Of course, the formalism can in
principle be generalized to other measurement settings, but we do not consider them here.

3.1. Self-testing with only quantum inputs
In this section we consider bipartite self-testing in which all parties use quantum inputs, i.e. MDI state
certification. The scenario is as follows: two parties, Alice and Bob, share a quantum state o' AB Fach of
them can perform a joint measurement on their share of the entangled state and the prepared quantum
input, ¢’ for Alice and wf/ for Bob. We are using the notation that ¢ = |¢) ()| is the projector onto the
pure state |1)). Since the Hilbert spaces are unbounded in dimension, the measurements are modelled as
projectors: {MQIA}a for Alice and {MbBB/} for Bob. Measurement outcomes are labelled with a for Alice
and b for Bob (see section 1). The aim of self-testing with quantum inputs is to prove that from the
observed statistics p(a, b|1)x, 1,) it follows that there must exist a local isometry transforming the physical
state o"*” into the reference one z/JANBN. Similarly to standard self-testing we can only hope to certify the
presence of pure states. Analogously to the theorem given in [47] we can prove that the correlations of any
mixed state can be achieved with a pure state of the same dimension. The proof of this theorem is presented
in appendix A.

Before stating the main theorem of this section let us recall some of the specificities of the scenario when
the parties can prepare tomographically complete set of inputs (for more details see [42, 43]). The observed
probabilities can be written in the following way:

pla, bl 1py) = Tr [Mﬁ,/bB/ (7’/}?/ ® 7/’;3/)} ’

where }
T = T [ (M M) (14 g 1) o

is named the effective measurement. If the set of quantum input states is tomographically complete, in the
sense that it is sufficient for quantum process tomography, one can recover the exact form of the effective
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Figure 2. Representation of the isometry ®. It takes as an input the state o'*® and each party performs a unitary operation Uyp
conditioned on the outcome of the measurement M, ;. F is the Fourier transform gate acting as F|j) = >~ xe/*™/|k), while the
second gate is a generalized CNOT gate acting as > .|j)|k) = |j)|j + k).

measurements from the observed probabilities. This insight is in the core of the proof that quantum inputs
can successfully probe every entangled state [34, 42] and its analogue is the central object in the
contributions to the understanding of non-classical quantum state teleportation [45, 46]. To briefly
summarise, if the effective measurement is not a separable operator for every pair 4, b the shared state
must be entangled.

The following theorem will identify precisely how the resemblance between the effective measurement
and the shared state can be used for the recovery of the state. In particular, if the effective measurements are
pure and entangled the self-testing statement for the shared state can be formulated. To state the
theorem, we need to introduce some notation. The d-dimensional generalized Z and X operators are
defined as Z = Ztol Wj){jl and X = Ztol |j + 1 mod d)(j|, respectively, where w = exp 27i/d. These
matrices can be used to define an orthonormal basis of qudit Bell states |¢y) = X*Z'|¢T), where
|pT) = 2;1;01 j7). As Alice’s and Bob’s reference measurements are {|¢y)(¢w|} their outputs a and b are
comprised of two dits k and L.

Theorem 1. Let two parties, Alice and Bob, share the state o/*® and have access to a tomographically complete

set of inputs {1} and {1, }, respectively. Each party performs a joint measurement on their share of o' and
quantum input 1), or 1,. If the correlation probabilities can be written in the form
p(ablvay) = Te M (6 @ )], vabixy:
and |\~/|i:,bB/ are such that
1 e AR/
Lol = U, @ U)W Wi e U) vab o

where U, and Uy, are the correcting unitaries defined as Uy, = lekZlém,kl, then there exists a local isometry ®
such that
(0™ = ()W @ o™ (3)

The proof of the theorem is given in appendix B. Here we explicitly show the isometry which is used to
prove the theorem. The isometry is given in figure 2. It implicitly assumes that the measurement operators
are projective. Since the dimension of the shared state is not assumed, the Naimark extension can be
used: if the measurements {M,}, {M;} are not projective one can always increase the dimension of the
registers A, B and see the measurements as projective on a higher dimensional system.

The true power of quantum inputs is exhibited when one is interested in the robustness of the
self-testing procedure. The standard task of robust self-testing can be phrased as follows: if the conditions
for self-testing are approximately met can we still say something about the distance between ®(p) and ?
When the set of quantum inputs is tomographically complete the state of the registers A” and B” of the
isometry on figure 2 can be recovered even if the conditions for the ideal self-testing (2) are not satisfied. In
that case the fidelity between trypp ®(0"P) and the reference state |1/) can be directly estimated.
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Figure 3. Self-testing with quantum-classical inputs: Alice can prepare quantum inputs 1), and by measuring them together with
a share of a state emitted by the source S, she obtains measurement outcome a. Bob, on the other side, treats all his devices as
black boxes. He labels his measurement choice with a classical input y and obtains the measurement outcome b.

Furthermore, if the parties used exactly the Bell state measurement the physical state will be exactly mapped
to the state of registers A” and B”, allowing to obtain the tight bound on the fidelity between tr,pp ®(0"?)
and |¢). A noisy Bell state measurement will give only a lower bound on the fidelity. For example, if the
noisy Bell state measurements of the form M = 0.95B; + 0.051/4, where {B;}; is the ideal Bell state
measurement, is applied on the state p = ¢, the recovered fidelity between tryapp ®(0™P) and ot

will be 0.893.

Note that the ability to prepare quantum inputs is strictly more than what one can do in a
device-independent scenario. Thus, one would expect that whenever there is a standard device-independent
self-test for a state [1)), it can be also performed with quantum inputs. The idea is simple: if some
projectors are used to produce measurement correlations which are self-testing the state |1/}, they can be
effectively prepared by performing a Bell state measurement and a suitable input. An example of adapting
the self-test from the CHSH inequality to the scenario with quantum inputs is provided in appendix D.

The similar overall reasoning about self-testing with only quantum inputs can be applied to every
multipartite entangled state. The more detailed discussion is given in appendix C. Here we just state the
corollary:

Corollary 2. Self-testing with quantum inputs can recover any pure genuinely multipartite entangled state.

3.2. Self-testing with quantum-classical inputs

In this section we consider a hybrid scenario in which one party, say Alice, uses quantum inputs, while the
other one, Bob, uses classical inputs (see figure 3). Let us consider the following scenario: Alice and Bob
share a state ¢*". Alice can prepare quantum inputs {1/1;\,, @Ql }., where 9, = 1 — 1), and apply a joint
measurement {MS/A}Q, while Bob queries his device with classical input y, which corresponds to applying a

projective measurement {M, },. In this scenario the probability to obtain outcomes a and b, when Alice’s
quantum input is ¥, and Bob’s classical input is y is

plabley) = Te [(MSA o ME, ) (42 @ 0*°)] @
For each classical input y we can define the effective measurements
MY, = Trag [(MQ’A ® MbBIJ/) (HA' ® g’AB)} . (5)

Now we are ready to state the theorem which self-tests the state |¢") from a Bell-like expression. Let % be
defined in the following way:

ch = Z (p(a,0|1/10, O) +P(‘1’ 1|1Z0)0)) + Z (P(‘l’ 1|¢0, O) +P(‘1,0|1ZO) 0))

a=0,1 a=2,3
+ Z (p(a,0|’l/11, 1) +P(a)0|1/;1) 1)) + Z (P(a) 1|1/11) 1) +P(a)0|1/;1) 1)) (6)
a=0,2 a=1,3

The algebraic maximum of .# is equal to 4. We show that there exist quantum inputs for which the only
way to achieve the algebraic maximum is to share a maximally entangled pair of qubits.

Theorem 3. Let two parties, Alice and Bob, share a state o' AB, Furthermore, let Alice use quantum inputs
o = |0)(0], Yo = [1)(1], ¢y = |+){(+| and 1)y = |=)(—|. If they observe Z . = 4 where I is defined in (6)
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Figure 4. Representation of the local isometry ®. It takes as an input the state o’ 4B and resembled the standard SWAP
isometry. The systems A} and A} can be discarded at the end of the process.
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Figure 5. Quantum state teleportation: Alice applies a global measurement on the state ¢, and her share of the state emitted by
the source S. Bob can apply quantum state tomography and learn exactly his reduced state ¢gs.

then there exists a local isometry ® such that

(I)qc(Q/AB) = |¢+><¢+| & Ojunk- (7)

The detailed proof is given in appendix E. Here we give the intuition for the proof. The main insight
comes from the observation that the algebraic maximum of .#. implies that the effective measurements (5)
can be exactly recovered. Once they are recovered, one can use methods from standard and
one-sided-device independent self-testing to prove that a convenient isometry transforms ¢'*" into ¢*. The
isometry is explicitly given in figure 4. Operators M, and M are given as

M, =My +M; = M, — M3;
My =My — M, + M, — M;.

4. Basic quantum information protocols as self-tests

So far we have introduced self-testing in two different semi-device-independent scenarios. In this

section we show that, besides being natural extensions of standard self-testing, the introduced protocols
have a practical importance in relating self-testing to some of the most widely used quantum information
protocols. In section 4.1 we discuss how quantum state teleportation can be viewed as a self-test, while in
section 4.2 we show how one can certify the set of states composing a quantum repeater or a quantum
network (figure 5).

4.1. Quantum state teleportation as a self-test

As noted in [45], quantum state teleportation can be seen as a representative of
one-sided-measurement-device-independent protocols. Indeed, Alice uses a quantum input, performs a
joint measurement, while Bob performs quantum state tomography and learns his reduced state.

Note that in the spirit of [45] we do not involve the part of the protocol in which Alice communicates the
outcome of her measurement to Bob and he applies the correcting unitary. The correcting unitary can
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Figure 6. Circuit used for self-testing from quantum state teleportation. Alice performs a unitary operation U, conditioned on
the outcome of the measurement M,,. F is the Fourier transform gate acting as F|j) = 3 e/*™/?|k), while the second gate is a
generalized CNOT gate acting as > .|j)|k) = |j)|j + k).

alternatively be applied by a verifier which supervises the teleportation experiment. The subnormalized
reduced state of Bob ¢, is obtained through the following expression

e = T [ (M 17) (08 6)]. ®

!
where 7,/1?/ is a quantum input, i.e. a state to be teleported, M2 * is the measurement Alice applies, while o’ AB
is the state shared between Alice and Bob (see section 5).
The success of a teleportation experiment is usually assessed from an average teleportation fidelity,
defined as

— 1
Ftel - HZ {<1/]x| Ua(Pa\xU;r|wx>)

where |x| is the total number of input. It was proven in [48] that in case the input states are tomographically
complete, the state having Bell state fidelity F,(0*®) = (¢™|0*®|¢™) leads to the average teleportation
fidelity of (Fs(0*®)d + 1)/(d + 1), where d is the dimension of the states to be teleported. This can be seen
also as a self-testing statement: the observed average teleportation fidelity Fy. gives a lower bound to the
Bell state fidelity F;. However, it is obtained under assumption that the shared state is of dimension 4.
Here we show how to estimate a lower bound to the Bell state fidelity of the state shared between Alice and
Bob from an arbitrary teleportation experiment, including the case when the set of input states is not
tomographically complete.

As explained in [45] a teleportation experiment can be characterized by the effective teleportation

measurement ~ )
MY = Try (MY 2 17) (14 2 )]

This is clearly tightly related to the effective measurement of equation (1), but now in this new scenario.
If the set of input states is tomographically complete, I\Nllil‘,B can be recovered exactly from the set of
teleported states ). Otherwise, a teleportation experiment is characterized by the set of effective
teleportation measurements compatible with the relation

8= T [ (s 1)

Let us consider an arbitrary set of bipartite operators NQ,B that have a positive partial transposition and
satisfy the no-signalling condition
Y NE=1®g, Va,

a

where p; is a valid quantum state. If, furthermore ) 4, = py, the {NAB} are valid effective teleportation
measurements [46, 49] for a teleportation experiment characterized by Bob’s reduced states
{wa\x}'

Observe now the quantum circuit on figure 6. Let us denote the output of the circuit as ¢ A"AB.
In case o/*® is maximally entangled and {M,} is the Bell state measurement, the state g, = Traart), is pure
and maximally entangled. In fact, since the given quantum circuit is a valid isometry the fidelity between g,
and |¢T) lower bounds the fidelity between ¢*® and |¢™). Since there is no proof that the circuit we use is
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Figure7. Alice and Bob share the qutrit—qutrit state p = p|¢T )¢+ | + (1 — p)T1/9. In case 1 the set of input states is

{10), (1), (|0) + [1) + [2)) /+/3, (|0) + w|1) + w*|2))/+/3}, while in the case 2 the set of input states is

{012 1192(10) -+ 1) + 12)/v/3. (0) + wl1) + w*[20)/3/3, (10} + 1) + w[2))/¥3, (w[0) + [1) + [2))/V3}, where

w = exp i27/3. The graph shows the lower bounds derived from the knowledge of the whole set of teleported states on the
self-tested fidelity with the maximally entangled pair of qutrits as a function of the parameter p. In none of two cases the set of
input states is tomographically complete, hence no conclusion about the fidelity of the shared state with maximally entangled
pair of qutrits can be drawn from the observed average teleportation fidelity.

the optimal isometry, the optimal fidelity might only be higher. In principle, when the set {1, } is not
tomographically complete we cannot know exactly g,. However, since

1 i ~Tn A"
Qo = aZUﬁ MﬂA UJ:
a

we can optimize over all effective teleportation measurements compatible with the observed teleportation
data.

Thus, the lower bound on the fidelity between the physical state and |¢ 1) can be obtained as a solution
to the following semi-definite programming (SDP) optimization:

. 1 1Ty o 4 A
min QZWFWQ\ M UL [gh)
St o = Try [MQ’B(@’MB)} Va,x, (9)
MZA/ >0, Va, ZI\?L, =1® Z(pa\x, Vx.

The SDP (9) provides a lower bound on the fidelity between the physical state and |¢™) from the full
observed data in a teleportation experiment. In principle the knowledge of the whole set of teleported states
{a]x }ax is nOt necessary. One can fix some of the known teleportation quantifiers, such as average
teleportation fidelity, teleportation weight or one of the teleportation robustness measures introduced in
[46]. In figure 7 we solve the SDP in (9) for two cases without a tomographically complete set of states, two
situations where the average teleportation fidelity cannot be used.

4.2. Self-testing of quantum networks

Equipped with the methods presented in the previous sections, we are in position to provide ways of
self-testing elements of a quantum network. Complementary to the results about self-testing Bell state
measurements [50, 51], we provide means to self-test different links of potentially hybrid quantum network.
Consider a network in the form of a quantum repeater, like the one on figure 8. All measurement devices,
except the first and the last, have a classical input whose choice corresponds to a Bell state measurement on
the two particles or measuring one of the particles shared with one of the neighbours. One might extend
our method for self-testing from teleportation and find out how well the whole quantum repeater simulates
a single maximally entangled state. If the fidelity is not satisfactory, it is possible to check separate links of
the network. For example, the ‘quality’ of the source S; can be estimated by using the self-testing with
quantum-classical inputs (section 3.2). Self-testing through EPR steering [30] can be used to self-test source
Sn—1. Standard self-testing protocols can be used to self-test all the remaining sources.
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Figure 8. A networked scenario where trusted quantum systems can be input into untrusted devices at the beginning and
trusted quantum systems can be measured at the end. Intermediate, untrusted nodes can be used to teleport a state, or use
quantum repeaters to establish entanglement. Techniques developed here can be used to certify the whole network along with
individual links.

5. Discussion

In this work we have expanded quantum state certification to novel scenarios using quantum inputs.
Developing a hybrid approach between full device-independent and device-dependent self-testing is one of
the main motivations of this work, with applications to quantum networks where some nodes in the
network are trusted, and others are not. The tools developed here in the MDI setting could also find an
application in a networked device-independent setting using the ideas developed in [35].

This approach also finds an application of recent work in the study of non-classical teleportation
introduced by [45]. In particular, we have developed new numerical tools to relate quantum teleportation to
the fidelity of the quantum states shared by the parties. Given the ubiquity of teleportation in quantum
information processing, these tools could be used in the verification of teleportation-based quantum
computing.

A natural question is how our scheme compares to the standard, fully device-independent, self-testing
procedures. One advantage coming from our work is that we can show that all pure, multi-partite entangled
states can be certified in the scenario with trusted quantum inputs. This is currently not known to be
possible in the device-independent setting. Straightforwardly, our scenario requires more trusted resources,
namely the preparation devices. This gave us a new set of general tools to certify quantum states without
having to derive a particular Bell inequality, which is often the approach in device-independent self-testing.
An important question is if we can obtain an improved robustness to noise and experimental imperfections.
To answer such question one would need to develop appropriate analytical and/or numerical techniques.
One direction for future research is exploring the set of quantum correlations in different scenarios with
quantum inputs. This would open the doors for numerical self-testing, similar to the SWAP method from
[52, 53] or the numerical self-test presented in our section 4.1. Another interesting question is to search
better isometries for self-testing than those considered in this work. Finding a good isometry is crucial for
obtaining better noise-resistant self-testing protocols. In turn, this could make self-testing more applicable
and practical.

Note added

While finishing this manuscript we became aware of a similar work [54].
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Appendix A. Remark about mixed states

Here we provide a proof that the correlations with quantum inputs obtained by measuring any mixed state
can be obtained by using a pure state of the same local dimensions. It is analogous to the proof from [47].

Proof. Suppose that {p(a, blz/]x) wy) = Tr((M?lA ® MEB/) . Q/Jx ® Q/AB ® ’L/Jy)} are generated by a mixed state

/

0 AB acting on S, ® . Without loss of generality we consider the case ds < dp. Let

@) € S5 @ 'y @ Hp be the purification of ¢"*, and let |§) = 3% A[a,)|bhp) be its Schmidt
decomposition, where |a},) € #, and |bip) € S @ Hp. Define the isometry V = 3% |iz)(bip| from
FCp & FEp to . Note that |q§> =(1®V)¢) = Zd Ailal)|ip) € S5 @ F%. One can see that the

operators {MBB 1IP=(ve1® )(MBB 1" (Vi 1® )} define a projective measurement acting on BB'.
Finally,

Tr (MY @ MEP) (0 @ o™ @ o) = (1] © (8] © (1, | (MA@ MER)[0h,) @ |9) @ [4),).

Appendix B. Proof of theorem B1

For the sake of convenience, we repeat theorem B1 here.

Theorem B1. Let two parties, Alice and Bob, share the state o*® and have access to a tomographically complete
1AB

set of inputs {1\, } and {1, }, respectively. Each party performs a joint measurement on their share of ¢'*" and
quantum input 1 or ,. If the correlation probabilities can be written in the form
p(ablvory) = Te M (v @ )], vabixy: (B1)
and MAb are such that
1 n!
S| = U UNM) (Ul U) Vab, (B2)

where U, and Uy, are the correcting unitaries defined as U, = ;kaZlém,kz, then there exists a local isometry ®
such that
AB IRt Inp/
(") = [N @ o - (B3)

Since the set of quantum inputs is tomographically complete equation (B1) imply that all effective
measurements defined as

M, = Tras [(MQ’A ® MgB’) (]]A' ® o @ ﬂB’)}

are proportional to rank-one projective operators satisfying constraints (B2). Consider the isometry shown
in figure 2 (in the main text). Applying ® to ¢ A8 Jeads to

oo™ = <ZUA” 2 MA@ MY @ B") : (chA’ : (FA" ® HA') 2 CEY . (HB' ®FB”))
N AB g/ A ’ AA ’ B BB/
X (|00><00|AA 0" © ]00)(00[** ) : ((FT ® HA) ol (HB ® Ff ) .Cl, )

< [ S UM oMM oM @ Ul
a\b

_ Z (U:}N ®M2/A®M12B/ 2 Ufﬁ) ) (¢+AA ® Q/AB ®¢+BB )
a,b,a’ b

X (U}A" ML o MIP®E & UJ,B") , (B4)

where Cy;, = E]k o NG| ® |k 4 j mod d)(k| is the generalised CNOT gate, ¢* = [¢)(¢ ], and

o) = IE ' |jj) is the maximally entangled state. Now we can trace out AA’BB’ and see if the resulting
state is pure.

11
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T | 3 (VX M oM o UF) (67 @ 0 0 67 (U1 o M o ME¥ o U

a,b,a b’

-y (Uj}" ® UE") Ty apy [(HA” ® MA@ MPP @ HB") (¢+A Yoo ett’ )

a,b,a b’
% (‘]]AH ® MZ;A/A ® MESB/ ® ‘]]BN):| (U;L/AN ® U;r/B”)

= (UY @ U ey [(1]“" ® MM MAY @ MIPYMEY & HB")

a,b,a’ b’

X (¢+ANAI Q Q/AB ® ¢+B/B”)i| (U;r;AH ® U;r/B//)

> Gawbur (UL @ UY e ppy [(HA” @ MM @ MPY @ HB”)

a,b,a’ b’
% (¢+A Al ®Q/AB®¢+BB )} (U;[,A ® U;[,B )

Y O © U i (1 M M 5 1) (6 6 g 64 W U

a,b,a b’

1 G 1" " Ty e\ T ” " " P
= EZ(U;\ ® UP trag K(MaA A) P (MbB B) B ) (.HA ® o™ @ 1° )] (U @ UZB )

a,b

1 n /! ~ " B//
— EZ(U;‘ ® UFML U @ U™), (B5)
a,b

where M, are the effective measurements. To get the second equality we used the cyclic property of the
trace. The orthonormality of the projection operators is used to obtain the third equality. The fifth equality
is a consequence of the identity

Trg KMAB ® ﬂc) (HA ® ¢+BC)] - é(MAC)TC (B6)

and equation (B5) just uses the definition of the effective measurement. Finally one can obtain

Tran (B(6™) = 30 ) (87)
a,b
_ d4%|1/)AB><’l/}AB| (BS)

where the first equality follows directly from the constraint (B2), while the second follows from (B2) and
takes into account that there are d* different values of a and d* different values of b, which counts d*
elements in the sum in (B7). Thus, Tryapp (CID(Q’ AB)) is a pure, normalised state. We conclude that there is

no entanglement between AA'BB’ and A”B”. Therefore, we can write

(b(QIAB) _ |1/JANBN><1PA//B//| ® Q;\ulrll\kBB/-

Appendix C. Self-testing of multipartite states

The bipartite result is straightforwardly generalized to the multipartite case. Before stating the theorem let
us define the scenario. There are n parties (denoted by Ay, . .., A,) and they share the state ¢ A-Ar Each of
the parties can prepare a set of quantum inputs {¢), };, performs a joint measurement { MA/"} on the

a.

i

quantum input and its share of the state o’ At-Arand returns the output a;.

Theorem C1. Let n parties share the state o' and each of them has access to a tomographically complete set

of inputs {1y, }x, fori=1,...,n. Let the correlation probabilities obtained by measurements performed by each
party have the form

P sl th,) = Tr Wy, (1 @ B08,)] (o}

12
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0)*" {F —e— U,

0y

)™

Figure C1. Representation of one branch of the isometry ®. It takes as an input the state [t))*1"** and each party performs a
unitary operation U,, conditioned on the outcome of the measurement M,,.

for every xi. My, .4, are rank-one positive operators such that

~~~~~~

~ ~ T
M= (Uy, @ @ Us,)May,.a, (Ul @ @U]) (C2)

for every a;, where U, is the correcting unitaries generating the Bell state basis. Moreover, let

-1
_ %|,¢A1...An><wA1...An| (C3)

with d" being the dimension of the whole space of the n systems. Then there exists a local isometry ® such that

D™ ) = [ AN @ Gjunk O
Proof. The isometry used in the proof is just the multipartite generalization used in the bipartite case (see
figure C1)

Just as before
/Al A") _ Z(Um . UAn MsllAll R ® M::lnAn,)
a;,a;’
@M . gt g gty UIN g o U @ MY @ - @ M),

Tracing over Ay, Af,...,A,, A) we obtain

g, (2 (7)) = an(Ual o @USIML (UM e aUM),  (ca)

where |\7|a1 ..... an are the effective measurements satisfying constraints (C1)—(C3). Since every party has access
to a tomographically complete set of quantum input states, (C3) is the only solution for M.
Finally,

/A An
Up A AAY ety = Z dﬂ (C5)
a1s--0n
— Al An\ (o yAL-An 6
Ay (co)

where the first equality comes from (C4) and (C2), while the second is a direct consequence of (C3). Since

JALHARY s . Al oA, :
trAl,A’l,m,An,Ai,q)(Q ) is a normalised pure state $(p*>>*#) can be written as

(I)(QIAI,M,An) — |,L/JA1MA,,><,¢A1MA,,| ® Ojunk-

Appendix D. Self-testing of maximally entangled pair of qubits through CHSH
inequality

We already placed self-testing with quantum inputs in between quantum state tomography and standard
self-testing. Self-testing with a tomographically complete set of quantum inputs was in spirit close to
quantum state tomography (being based on the exact recovery of the effective measurement operators).

13
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One can ask if the approach closer to standard self-testing can be used for MDI recovery of quantum states.
The idea is simple: if a set of projectors is used to produce measurement correlations that self-test a given
state |1)), they can be obtained by performing a Bell state measurement and preparing suitable inputs. For
example

001 =ty [ ()01 @ 1%) (6* "+ 6]

and

DA =y [(J0)01 © 1) @ + v

Knowing this property the question is if the self-testing correlation probabilities obtained in a scenario with
quantum inputs still self-test the state and moreover, if they self-test the Bell state measurement. Intuitively,
the answer should be positive, since self-testing correlations can be obtained only if specific measurements
are applied to a specific state. The formalization of this intuition for the case of the two-qubit maximally
entangled state is given in the following theorem. For the sake of simplicity let us self-test the following
form of the state

¥) = cos () 167 +sin (5) ), (o)

since it is locally unitarilly equivalent to |¢ ™), but both parties apply Pauli measurements to maximally
violate CHSH inequality.

Theorem D1. Let two parties, Alice and Bob, share the state o'*® and let both Alice and Bob have access to the
set of quantum inputs {1y = |0),1, = |+)}. Alice and Bob apply a four-outcome measurement { M~*}, and
{MP'BY,, respectively. Furthermore, let the following correlations hold

(¢'|AgBy + AoBy + A1By — A1B,|[¢)) = 2V2, (D2)

where
+ _ [
XO = tI'X/

X{F = trX/

(

X, = try :(1/)3(/ ®1*
(
(

X; = trX/

where X € {A, B}. Then there is a local isometry ® such that

B(¢"™") = 67 © k- (D3)
This theorem represents the analogue of the self-testing of maximally entangled pair of qubits via the
maximal violation of the CHSH (Clauser—Horn—Shimony—Holt) inequality.

Proof. Let us first verify that {A."’,Aj’ } for j = 0, 1 represent valid measurements. Positivity is ensured by
the relation

(€lagle) = [(vh @) (M s M™)] 20, Ve,
and similarly for the other operators Af. The completeness relation is also satisfied:

(v @1t) <ZMQ’A>

k

=ty (4 @1%) 1) =1~

+ A
Aj +A] = try

In an analogue way one can prove that B; are valid measurement observables. This is basically enough to
prove the self-testing theorem, since we have that the two parties use valid quantum measurements to
maximally violate the CHSH inequality. This means that there must exist a local isometry mapping the state
¢’ to the maximally entangled pair of qubits. O

14
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Appendix E. Proof of theorem E1

Let us, for convenience, first restate the theorem here.

Theorem E1. Let two parties, Alice and Bob, share a state ¢’ AB, Furthermore, let Alice use quantum inputs

Vo = [0)(0], o = |1)(1], 1 = |+)(-+| and ¢, = |—)(—|. If they observe Foc = 4 where % is defined as

j‘lc - Z (p(a>0|1/)0> 0) JFP(“» 1|1/_)0> 0)) + Z (P(a» 1|1/)O> 0) +P(a»0|1/_)0> 0))

a=0,1 a=2,3
+ Z (P(ll,OWb 1) +P(ﬂ,0|1;1, 1)) + Z (P(‘l, 1|¢1, 1) +P(ﬂ,o|1ﬁ1, 1)) (El)
a=0,2 a=1,3

then there exists a local isometry ® such that

q)qc(Q/AB) = |¢+><¢+| ® Ojunk- (Ez)

Note that the expression .# . can be seen as a sum of four terms, each of them being itself a sum to
obtain few particular outcomes for certain quantum and classical inputs. The fact that everything sums up
to 4 means that each term must be equal to 1, i.e.:

P(O)OWO) 0) +P(1,O|¢0, O) +P(2, 1|¢0) 0) +P(3) 1|1/J()) O) =1,
P(O, 1|'JJO) O) +P(1) 1|'JJO) O) +P(2)0|1/;0, O) +P(3,O|1ﬁo, O) = 1)

p(0,0|1/11, 1) +p(2,0|1/)1, 1)+ p(1, 1|1/)1, 1)+ p(3, 1|1/11, 1) =1, (E3)
PO, 101, 1) + p(2, 131, 1) + p(1,0[¢h1, 1) 4 p(3,0[¢p, 1) = 1.
Since we fix [1ho) = |0), [th0) = [1), [¢1) = |+) and [¢)1) = |-) equation (E3) imply
Moo + Moo + M0 + Ms 10 = [0)(0),
Ma00 + M g0 + M0 + My = [1)(1],
(E4)

I\~/|0,()|1 + Mz,o\l + I\~/|1,1|1 + Ms,l\l = |+)+

(
I\~/|1,()|1 + Ms,o\l + I\~/|0,1|1 + Mz,l\l ==X~

where

M, = Toas [ (M2 2 MP) (17 @ o)

Since all the operators I\Nlla,h|y are positive, they all must be proportional to the corresponding projector
(Mo,0p0 to [0)(0], Mq,1jo to [1)(1| and so on). The no-signalling condition, expressed as

ZMa,HO = Zma,b\lﬁ (E5)
b b

for all values of a imposes certain constraints on the traces of the effective measurements. Denote

Maoo = f1a0[0)(0],  for a=0,1 Mg = pao|1)(1], for a=23
Maijo = f1a1]0)00]  for a=2,3 Mg = pai|1)(1] for a=0,1
Maop = Vao| +)(+|, for a=10,2 Mgy = vao|-)(~|, for a=1,3
M1 = var|[+)(+|  for a=1,3 Mg = vai|-}~| for a=0,2.

The condition (E5) imposes V0 = Va1 = fap = fa, for all a. By plugging this in equation (E4) we obtain:

Hoo + f10 + fa0 + pso = 1. (E6)
Another no-signalling condition

ZMa,HO = Zma,b\lﬁ (E7)

gives
(o0 + £11,0)[0)(0] + (2,0 + 13,0 |1)(1] = (o0 + £12,0) [+ ){+] + (11,0 + 3,0)]—){—]| (E8)
which implies p,0 = 0.25 for all a.
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The above given conditions imply correctness of the following expressions

HA
Tra ((Mo + UM, UT + UzMzUT + UsM; UT)AA ® Mo\o) (2 ® o™’

" ik ]
Teap ((M0 + UM U + UM UL + UsMsUDA @ Muo) (2 ® g’AB>

1~
TI'AB ((M() + U]M []Jr + UzMzUT + U3M3UT)AA (9 M()“) (E (9 Q/AB

1 ]
TI‘AB ((MO + [Jll\/h[JIr + Uzl\/le;L —+ U3M3U;r) X Ml\l) (2 ® Q,AB>

1
e

1
2=,

where U; = a?/ 14U, = Uﬁl ® 1% and Us = (O'ZO'x)A/ ® 12, These, further, can be rewritten as

try K ® Mo\o) ke } = %|O><0|, trg [( ® M1|o) ~A’B } _ %
trg K ®M0\1) o } = %|+><+|, trp [( ®|\/|1|1) ~AB} _ %|7><7|’
where
@A’B — try

2

Equation (E10) imply
(08 @ B =1,

tr [(O’ ®Bl)~AB:| =1,

where By = Mgy — Myjo and B; = Mg, — My);. The operators of type

/ 1
((Mo + U1|V|1UI + Uzl\/|2U;r + U3M3U;f)AA ® T]B) (_ 2 Q/AB>‘| -

1 Supié et al

(E9)

(E10)

(E11)

tra KUA,MA/A UTA, & T]B) (%A ® Q’ABH are not positive in general (see [46]), but they have a positive

expectation value on all separable vectors Y 7 '® 78. Furthermore,
=
a

Thus, equation (E11) imply
(U ®HB) A'B _ (]]A ®B)~AB

(o) 3= (o) £
These equations allow one to conclude that By and B; anticommute
{Bo,B1}os =0

/A'B

where gp is the reduced state of o' . From equations

tr [(MQ’A ® Bo) (|0><0|A' ® g’AB)} —1,
tr [(M’;’A ® Bl) (|+><+|A' ® g’AB)} —1,

we can conclude that
(trA/ ((|0><0|A' ® ﬂA)MfZ"A) ® HB) = (1" ®B,) ™,

(trA/ ((|+><+|A’ ® uA)MQ’A) ® HB) o™ = (1@ B,) ¢,

(E12)

(E13)

(E14)

(E15)

Finally, equations (E12), (E13) and (E15) allow reducing the expression trar A [cch( Q/AB):| , where @, is the

circuit given in figure E1, to the output of the standard self-testing SWAP gate, giving

AB /
trag [ 2acle™)] = 61" @ o

(E16)
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Figure E1. Isometry @ used in the proof of theorem E1.
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