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Abstract

This study aimed to create and validate a web-based battery of tests, age appropriate for 16 year-olds, and designed to assess
mathematical skills, general cognitive abilities and number sense. The first stage of the study involved the selection of 11
measures and their administration to a sample of 100 16 year-old students, either in pen and paper format, or on computers.
Guided by reliability analyses conducted on the first phase’s data, 6 of these tests were selected and implemented online. The
new battery revealed to be a reliable tool of assessment showing good internal validity and reliability for all the measures.
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1. Introduction

The acquisition of mathematical competences is a gradual process requiring the combined effort of cognitive
processes including memory, reasoning, 1Q, speed of processing [1], [2], [3] and of learned skills, such as reading
and writing [4], [5], [6]. However, the relationship between these abilities and mathematics is poorly understood.
Recent literature suggests an association between mathematical ability and some cognitive mechanisms that may
be unique to mathematics [7], [8]. Abilities underpinning these mechanisms are referred to as "number sense" [9].
Among these abilities, estimation processes have been singled out as predictive of mathematical skills [10], [11].
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Processes of non-symbolic estimation do not require number knowledge. When comparing two numerosity sets
(grouping of discrete items), it is necessary to extract their numerical information to judge which set is larger;
however we can approximate the number without counting all the items. The more the items in display and the
smaller the discrepancy between the sets compared, the more difficult it is to discriminate which set has more
items. The ability to discriminate according these parameters is indexed by the Weber Fraction. In an example,
given two arrays, one with 4 items and one with 6, (ratio 2:3) the Weber Fraction is the ratio derived by dividing
the difference of the two set-size (two) by the smallest set-size (four). Non-symbolic estimation is an important
process in mathematical cognition; it has been suggested that mathematical disabilities and difficulties can arise
from deficits in numerosity processing [3]. Empirical evidence also suggests that this ability improves with
development [12], [13]. Moreover, people differ significantly in estimation abilities and that these differences
positively correlate with mathematical performance and achievement [8], [14]. Another number sense process is
estimation of numerical-symbolic magnitudes. At difference of non-symbolic numerosity estimation, this is based
on numerical knowledge. Research suggests that we think about numbers organized on a mental number line in
ascending order that follows the direction of writing [7], [15]. Evidence also suggests that numbers are
represented in a logarithmic fashion [16]. This is inferred by the fact that we think the distance between small
numbers (10 and 20) greater than the distance between larger numbers (90 and 100). In this representation,
numbers at the end of the range are closer to one another compared to smaller numbers. Logarithmic mental
representation produces less accurate estimates than a linear one. In symbolic estimation tasks, adults are more
accurate than children, as they rely on the more efficient linear representation, although a logarithmic one is still
present [7], [10], [17].This evidence suggests that symbolic estimation, similarly to non-symbolic estimation,
improves with development. Moreover, there is variability in peoples’ symbolic estimation skills; these
individual differences positively correlate with mathematical skills. [17].

1.1. The present study

The mechanisms driving mathematical acquisition and the etiology of mathematical abilities remain unclear.
Further insights could be gained by investigating estimation abilities (number sense) and their etiological overlap
with mathematics and with other cognitive abilities that are involved in mathematical acquisition. Further
research needs to be planned taking into account the developmental nature of estimation abilities. The purpose of
this study was to design and validate a battery of tests, age appropriate for 16 year-olds, in order to assess
mathematical abilities, estimation ability and general abilities involved in mathematical acquisition. The aim was
to implement the tests in a web-based battery and to create a reliable and practical tool of assessment for the large
and widespread UK sample of the Twins Early Development Study (TEDS) at age 16 [18]. In addition to the age
of the twins, the choice to carry out investigations at the age of 16 was driven by a gap in the literature as many
studies investigating the relationship between mathematics, number sense and cognitive abilities often use very
young children. The tests designed for an age-homogeneous sample (16 years) will address issues related to
developmental changes in estimation abilities. Analyses will gather more power with data collected in large
samples using Internet testing. In addition, a reliable web-based battery will have potential employment for data
collection in cross-cultural investigations. The study was designed in two phases: (1) In Phase 1, measures able to
assess symbolic and non-symbolic of estimation, general cognitive abilities, and mathematical performance were
identified from the current literature. The measures were administered to a sample of 16 year-old students. (2)
Phase 2 involved the implementation online of the suitable tests and the administration of this new web-based
battery to the same sample of 16 year-olds for reliability and online validation purposes.

2. Methods

2.1. Participants and procedure Phase 1
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100 students, with valid data for 98, were recruited from two schools. The sample was composed by 83
females and 15 males, with a mean age of 16.78 (SD = .91). All participants had successfully taken the General
Certificate of Secondary Education (GCSE) exam in mathematics. After consent for participating was given by
both the students and their legal guardian, students were individually tested, by the experimenter, in a quiet room
in the school premises. They were administered 11 tests in various formats; the whole session lasted 40-50 min.

2.2. Measures Phase 1

Estimation skills were assessed with three tests: (1) Dot Task was administered via laptop and assessed the
number sense ability to estimate large numerosity. This was an adaptation of the task described in details in
Halberda et al. [8]. Briefly, students decided whether there were more yellow or blue dots in each of the displays
presented in random order. Exposure time was 400ms and response was given by pressing the colour coded keys
"F" for more yellow, "J" for more blue. There were 250 trials organised in 5 blocks of 50 and it was possible to
pause the test between blocks. A Weber Fraction measure was derived from the accuracy scores as described in
Halberda et al.[8]. Cronbach alpha in this assessment was .89, split half of .74. (2) Number Line [7] assessed
estimation of numerical magnitudes and was in pen and paper format. The task required to mark the position of a
given number on a 25 cm long line with the extremes marked 0 and 100. Students estimated 20 numbers given in
the same order for all. Score was the error in estimation, measured as the mean absolute difference between the
correct location of the number on the line and the point of estimation made. Cronbach alpha was .75, split half
.29. The low split half correlation was probably due to the presentation order. The second half of the trials
contained more numbers with larger magnitudes compared to the first half. Magnitude comparison in the higher
range can be more sensitive to fluctuation in estimation as the numbers are mentally represented more close to
one another. The presentation order was modified in the version of the task in Phase 2, where large and small
magnitudes were randomly and evenly allocated. (3) Dot Matching Task assessed estimation of small and large
numerosities. It was online at: http://lab.kctam.com. The 36 trials were displays with a numeral (1 to 9) and
arrays of dots presented in pseudo-random order. Students judged whether the number of dots matched the
numeral, by pressing "J" for a match and "F" for incongruent trials. Score was total of correct responses.
Cronbach alpha was .93, split half .82. Two numerical Stroop tasks assessed numerical information processing
and cognitive control and were online in the previous website: (4) Physical Comparison required judging the
larger in physical size between two numerals irrespectively of the numerical value. (5) Numerical Comparison
required judging the number larger in magnitude irrespectively of the physical size. Response was given by
pressing "J" or "F" if numbers larger in magnitude or in physical size were respectively on the right or left side of
the screen. Cognitive abilities were measured with two tasks: (6) Reaction Time Task measured speed of
processing. It was adapted from Deary et al. [19] and was administered on a laptop. Each of the 40 trials required
to press as fast and accurately as possible the key corresponding to the number (1 to 4) appearing on the screen in
random order. As the task revealed a ceiling effect on accuracy, efficiency scores (median reaction time divided
by proportion of correct responses) were used for the analyses - to correct for the speed/accuracy trade-off.
Efficiency scores were normally distributed. Cronbach alpha, calculated on time of response was .96, split half
.94. (7) Corsi Block assessed non-verbal visuo-spatial short term memory. It was adapted and administered using
the Corsi Tapping Block apparatus following the description in Pagulayan et al. [20]. Cronbach alpha was .75
with split half .40. Mathematical ability was assessed with 4 arithmetical tests: (8) Problem Verification Task was
a timed test assessing mathematical fluency. It was adapted from the description in Murphy & Mazzocco [21]
and it was administered on a laptop. Cronbach alpha was .96, split half .94. 3 additional tests assessing
mathematical fluency were taken from the website http://lab.kctam.com. These were composed by 20 subtraction
and multiplication problems each. Students' GCSEs mathematical scores were also collected.

2.3. Participants and procedure Phase 2
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Out of the 100 students recruited in the Phase 1, 75 took part to Phase 2 of the pilot and repeated the tests
online. 68 were females and 7 males, with mean age 16.74 (SD = .93). Students were provided with anonimised
logins to access the battery at http://www.e-businesssystems.co.uk/teds/ and gave their consent online. The whole
battery lasted ~35 min and could be complete in multiple sessions to minimise fatigue; it was designed to be
carried out without supervision as all tests had online instructions and practice trials. After completion of the two
sessions, students received a £10 shopping voucher for each session completed.

2.4. Measures Phase 2

Analysis of data collected from Phase 1 informed the choice of tests to be implemented online. The 3
online arithmetic tests and the two Stroop tasks revealed a ceiling effect in participants’ response with small
variation in the distribution of the scores. For this reason and for time constraints the 5 tests were dropped from
the battery. A new mathematical test was added. Understanding Numbers test assessed mathematical skills
according to the standards of the UK National Curriculum. Test items were 27 word problems selected from the
nferNelson booklet from the mathematical component "understanding numbers" [22]. It had an adaptive
administration with 3 levels of difficulty. Administration was interrupted after three consecutive incorrect
responses. Cronbach alpha was .82, split half .61. Some tests from Phase 1 had to be modified for online
implementation and time constraints as follow: in Dot Task the number of trials was reduced to 150. The subset
of stimuli chosen yielded a correlation of .91 with the full length test. The test trials were presented with a fixed
sequence to reduce order effects. Cronbach alpha in this assessment was .88, split half .80. Studies show that at
16 years most children rely on linear representations of numerical magnitudes on a mental number line from 0 to
100 [10]. Consistent with these findings, the analysis of the pen and paper Number Line data revealed a linear
trend in the pattern of estimation. For this reason the range of the estimation of the test in Phase 2 was changed to
0 - 1000. The new version was adapted from a description in Opfer and Sigler [23]. Cronbach alpha in Phase 2
was .87, split half .87. In Dot Matching Task, the presentation was fixed the same across participants and the
exposure time was reduced to 2 sec to avoid students to count the dots rather than make a judgment response.
Cronbach alpha was .85, split half .78. In Reaction Time the presentation order was set the same for all
participants and the responding keys were changed from letter to number keys. Cronbach alpha on time of
response was .94 with split half .91.The number of trials in Corsi Block was reduced from 30 to 18 based on an
internal validity analysis conducted on data of Phase 1. Cronbach alpha in this assessment was .75, split half .63.
In Problem Verification Task the confidence rating of response was dropped. Cronbach was .92, split half .87.

2.5. Final version of the measures

The tests described in the above section, were administered to the sample of students in Phase 2. Following
this new assessment some tests needed to be modified and optimised for web testing. For other tests the number
of trials was reduced further. The description that follows is limited to the modification implemented.
Understanding Numbers: the total number of items was reduced from 27 to 18. The choice of the items to be
dropped was guided by internal validity analysis on the data collected in Phase 2. The difference in internal
validity following the item reduction was minimal. Following this change, the discontinue rule applied after two
consecutive incorrect responses. Corsi Block: the total number of items was reduced from 18 to 12. Internal
validity analysis on the data of the Phase 2 of testing showed almost no change in reliability by dropping any of
the items. The discontinue rule was modified to account for the reduced numbers of items. Problem Verification:
the number of items was reduced from 88 to 48. The selection of the items was based on correlation and
reliability analysis conducted on the data of Phase 2. The 48 items correlated .97 with the test composed of 88.
Cronbach alpha on the 48 items was .86 with split half of .79. The responding keys were also changed for online
optimization of the task.
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3. Results and discussion Phases 1 and Phase 2

The main aim of this study was to create a valid battery with the power and sensitivity to predict mathematical
performance and achievement from measures of number sense abilities in presence of other cognitive abilities.
The analyses presented are not aimed at addressing a specific hypothesis, but rather to evaluate the predictive
validity and reliability of the measures employed in the newly developed battery. Internal validity of the
measures was accurately monitored to make sure that in the translation from different formats, length reduction
and implementation on the web, the measures would not lose any of their reliability.

For the 75 students who completed both, one-to-one and online waves of testing, tasks-outliers were identified
by creating variables computing the difference of tasks-scores between Phase 1 and Phase 2. For Reaction Time
task this variable was created on both Accuracy and Efficiency scores; for all the remaining variables the variable
was created only on the accuracy scores. Differences falling outside +/-3 standard deviations were used to
identify participants with inconsistent performance between the two Phases of testing - in order to eliminate
extreme cases for whom low test-retest stability is likely to stem from unsystematic error. Outlier cases were
identified in the frequency tables for each variable and removed on both online and one-to-one tests, for that
variable. A total of 25 cases (on different variables) were excluded from the analyses. As Corsi Block and
Number Line were in pen and paper format in Phase 1, the comparison of the tests scores between Phase 1 and
Phase 2 could have been affected by the change of format. For this reason no variable was created, for these two
tasks, the outlier scores were identified if laying outside +/- 3 standard deviations. The analyses were conducted
on standardised scores with the exception of Weber Fraction and Reaction Time Efficiency.

Despite the change in administration format, items reduction and parameters adaptation for online
implementation, the test-retest correlations were as follow: Problem Verification r=.60, p<.000, N=66; Weber
Fraction r=.43, p<.000, N=67; Number Line r=.30, p<.05, N=64; Corsi Block r=.57, p<.000, N=61; Reaction
Time Efficiency r=.41, p<.000, N=64. For the least modified tests the correlations were substantial. Only the Dot
Matching task had a non-significant re-test coefficient. It has to be noted that during Phase 1, when the task was
downloaded, students experienced problems with the stimuli-images. This was probably due to internet
bandwidth issues and the image size of the stimuli. Other tasks downloaded from the same website were not
affected as the stimuli were only text based. This technical problem was completely resolved in Phase 2.

It was further confirmed that the measures employed behaved consistently with findings in the existing
literature. In Phase 1 the two number sense measures Number Line and the Weber Fraction scores significantly
correlated with each other (.23, p<.05). In addition Weber Fraction correlated with Problem Verification (.33,
p<.01) but not with GCSEs. Number Line did not correlate with any mathematics measure. Reaction Time
Efficiency correlated with both mathematical variables (.27, p<.01 with GCSEs and .21, p<.05 with Problem
verification), Corsi Block correlated with GCSEs scores only (.30, p<.01). The different pattern of correlation of
number sense and other cognitive ability with mathematics is in line with previous findings [24]. Also, given the
small sample size perhaps this pilot did not have enough power to detect a correlation between Number Line and
mathematics; alternatively the estimation 0 to 100 used for this assessment was not suitable for 16 year-olds. In
Phase 2 the two number sense measure no longer correlated with each other; however Number Line significantly
correlated with GCSE score (.35, p<.01), but not with Problem Verification or Understanding Numbers.
Similarly, Weber Fraction correlated only with one mathematical variable, Problem Verification (.31, p<.05).
Reaction Time Efficiency correlated with the GCSE scores (.37, p<.01) and Problem Verification (.26, p<.05)
showing again the strength of the association between mathematics and general cognitive ability. Corsi Block
correlated only with Problem Verification (.28, p<.05).

Opverall, this pilot study was successful in selecting and validating measures for a new bespoke tool for the
assessment of mathematics, general abilities and number sense skills. The measures implemented online showed
reliability and the ability to capture different aspects of the mathematical construct.
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